Two normed spaces (V 1 ; k k 1 ) and (V 2 ; k k 2 ) (over F = R or C) are isometrically isomorphic if there is a linear isomorphism L : V 1 ! V 2 such that kL(v)k 2 = kvk 1 for all v 2 V 1 :
Introduction
Let (V 1 ; k k 1 ) and (V 2 ; k k 2 ) be normed spaces over F = R or C. They are isometrically isomorphic if there is a linear isomorphism L : V 1 ! V 2 such that kL(v)k 2 = kvk 1 for all v 2 V 1 :
Such an L is called an isometric isomorphism from V 1 to V 2 . Clearly, one can identify the two normed spaces if they are isometrically isomorphic. Therefore it is interesting to determine when this will happen, and characterize the isometric isomorphisms between the two normed spaces if they exist. This problem has been considered in in nite dimensional spaces including various sequence spaces, function spaces, and communtative C -algebras (e.g., see 14, 15] ). However, it seems that the same problem has not been studied systematically in the nite dimensional case and the non-commutative cases. The purpose of this paper is to ll this gap. It is worth mentioning that the nite dimensional case may 1991 Mathematics Subject Classi cation: 46B04 y The research of the rst author was partially supported by a faculty research grant from the College of William and Mary. z The research of the second author was partially supported by a postdoctoral fellowship from the Gulbenkian Foundation of Portugal.
not behave as the in nite dimensional case, especially when F = R. More evidence will be seen in our study.
From now on, we shall con ne our attention to nite dimensional normed spaces. Since two isometrically isomorphic normed spaces must be linearly isomorphic, we may assume that V 1 = V 2 = V in our discussion. We shall say that two norms on V are isometrically isomorphic if the two normed spaces are. With this terminology, our problem can be stated as:
Problem A. Let V be a nite dimensional linear space equipped with norms k k 1 and k k 2 . Determine the conditions for the existence of isometric isomorphisms between these two norms, and characterize such mappings if they exist.
Recall that the isometry group of a norm is the group of linear isometries for the norm.
The following result shows that knowing the isometry groups of k k 1 and k k 2 is very useful in the study of Problem A. Proposition 1.1. Suppose that k k 1 and k k 2 are norms on V with isometry groups G 1 and G 2 , respectively. If L is an isometric isomorphism from k k 1 The second assertion is clear.
We shall use Proposition 1.1 and some known results on isometry groups to answer Problem A for various kinds of norms in the next few sections.
Besides Problem A, we also obtain answers for problems involving the dual norms, and norms induced by invertible linear operators. To describe these questions, we suppose that V is equipped with an inner product (x; y). In our discussion, we shall use the usual inner product (x; y) = tr (xy ) = tr (y x) for column vectors or matrices.
Let U(V) denote the group of orthogonal or unitary operators on V depending on F = R or C. Suppose H is a closed subgroup of U(V). A norm k k on V is a H-invariant norm if kg(v)k = kvk for all v 2 V and for all g 2 H, i.e., H is a subgroup of the isometry group of k k. If S 2 GL(V), then k k S de ned by kS(v)k is also a norm. We shall study the following problem, which has drawn the attention of several authors in the last few years (e.g., see 8 
As mentioned before, we shall study Problems A { C for di erent normed spaces.
In particular, Section 2 deals with symmetric gauge functions on F n , Section 3 concerns unitarily invariant norms on F m n , Section 4 deals with unitary similarity invariant norms on H n , the real linear space of n n hermitian matrices, and Section 5 contains results on other types of norms on (skew-)symmetric matrices. Some remarks and related problems are mentioned in Section 6. If H is a subgroup of a group K, we write H < K. If K is generated by subgroups H 1 ; : : : ; H s , and elements h 1 ; : : : ; h t , we write K = hH 1 ; : : : ; H s ; h 1 ; : : : ; h t i. If G < U(V), denote by N U (G) the normalizer of G in U(V). As can be seen, we often need to deal with the normalizers of groups in our study. For a connected Lie group G, it is easy to obtain N(G) from N U (G) (e.g., see Theorem 2.5 in 3]). The group of positive numbers under multiplication is denoted by R + which is also identi ed as a subgroup of GL(V).
Symmetric Gauge Functions
Let GP(n) be the group of generalized permutation matrices, i.e., those matrices of the form DP, where D is a diagonal matrix in U(F n ) and P is a permutation matrix. A norm k k on F n is a symmetric gauge function if kPxk = kxk for all x 2 F n , and for all P 2 GP(n). We have the following result. We remark that only condition (a) can happen in in nite dimensional spaces (e.g., see
14]
). In nite dimensional case, there are examples (cf. Examples 6.1 and 6.2) of k k 1 and k k 2 satisfying condition (b) or (c).
Next we turn to Problem B for symmetric gauge functions. This problem has been studied in 6], and a characterization of S is given (cf. Theorem 3.1 (c), 3.2 (c), 3.3 (c) and 3.4 (c) ). As mentioned by the authors of that paper, their proofs are computational, and it would be nice to have a conceptual proof. By Theorem 2.2, we easily obtain the following corollary that answers Problem B for symmetric gauge functions. Note that our description of S is more explicit than that in 6]. Corollary 2.3. Suppose that k k is a symmetric gauge function on F n with isometry group G. For S 2 GL(F n ), k k S is a symmetric gauge function if and only if there exists > 0 such that one of the following holds: It is interesting to note that by Proposition 1.3 and Corollary 2.4, except for F n = R 2 or R 4 , a symmetric gauge function on F n is isometrically isomorphic to its dual norm if and only if it is induced by an inner product. It would be interesting to know whether this conclusion holds for other norms (not necessary symmetric gauge functions) on F n .
Unitarily Invariant Norms
A norm k k on F m n is unitarily invariant if kUXV k = kXk for all X 2 F m n , and for all U 2 U(F m ) and V 2 U(F n ). Let ? be the group of linear operators of the form A 7 ! UAV for some xed U 2 U(F m ) and V 2 U(F n ), and let be the transposition operator on F n n , i.e., 
Unitary Similarity Invariant Norms
A norm k k on H n , the real linear space of n n complex hermitian matrices is unitary similarity invariant if kU XUk = kXk for all X 2 H n , and for all U 2 U(C n ). Consider the following subgroups of GL(H n ):
? 1 = the group of linear operators on H n of the form X 7 ! U XU for some xed unitary U, and K = the group of invertible operators of the form X 7 ! X + ( ? )(tr X)I=n for some nonzero ; 2 R.
It is not di cult to check that K is the centralizer of ? 1 in GL(H n ). Furthermore, we have the following result. . Since U(E 11 ); T 1 and T 2 are connected, L(U(E 11 )) T i for i = 1 or 2. Since U(E 11 ) is an algebraic set (e.g., see 9]) and since L is invertible, a result of Dixon 2] ensures that L(U(E 11 )) = T i . Now L maps a unitary similarity orbit onto another one. By the result of 13], we have L 2 hG;Ki. The inclusion hG;Ki < N(G) is clear.
Similar to the above case, if G = h? 1 ; i, one can prove that N(G) = hG;Ki.
We are ready to prove the following result that answers Problem A for unitary simi- 
) and hence is of the form R for some R 2 U(H n ). Thus, kAk 1 The converse is clear. We suspect that case (b) in Corollary 4.4 cannot happen. However, we are not able to prove it at the present. In general, it would be interesting to know whether k k and k k can be related by a re ection R on a normed space V, i.e., R is de ned by R(x) = x ?2(x;v)v for a xed vector v 2 V with (v; v) = 1. One may also consider unitary similarity invariant norms on C n n . The corresponding isometric isomorphism problem has been solved in 5] very recently.
Results on Symmetric and Skew-symmetric Matrices
In this section, we consider the following matrix spaces:
S n (F) = the linear space of all n n symmetric matrices over F, and K n (F) = the linear space of all n n skew-symmetric matrices over F. We consider unitary congruence invariant norms on V = S n (C) or K n (C), i.e., those norms k k on V satisfying kU t XUk = kXk for all X 2 V and for all U 2 U(C n ). We have the following result. A norm k k on V = S n (R) or K n (R) is orthogonal similarity invariant if kU t XUk = kXk for all X 2 V and for all U 2 U(R n ). Orthogonal similarity invariant norms on S n (R) behave in the same way as unitary similarity invariant norms on H n . One can modify the proofs in Section 4 to get the corresponding results on orthogonal similarity invariant norms on S n (R). Orthogonal similarity invariant norms on K n (R) behave in the same way as unitary similarity invariant norms on K n (C). One can modify the proofs in this section to get the corresponding results on orthogonal similarity invariant norms on K n (R).
One may also consider orthogonal similarity invariant norms on R n n . Problems A { C for such norms are still open.
Remarks and Related Problems
In our discussion, we adopt an algebraic approach to determine the existence of isometric isomorphism between two norms. As we see that it is in general very rare to have an isometric isomorphism. In many cases, the two norms have to be multiples of each other.
There is a geometric approach to the isometric isomorphism problem. Suppose that B i is the unit norm ball of k k i for i = 1; 2. Then L is an isometric isomorphism from k k 1 to k k 2 A more general problem is studying the possibility of embedding a normed space V 1 into another normed space V 2 of higher dimension by an injective linear map that preserves norms. This seems to be much more di cult. One may see 16] for a special instance of this problem.
Dr. Beata Randrianantoanina brought our attention to the paper 1] in which the isometric isomorphism problem for symmetric gauge functions on F n was also studied.
